Using an asymptotic phase representation of the particle density operator ρ(z) in the one-dimensional harmonic trap, the part δρ F (z) which describes the Friedel oscillations is extracted. The expectation value δρ F (z) with respect to the interacting ground state requires the calculation of the mean square average of a properly defined phase operator. This calculation is performed analytically for the Tomonaga-Luttinger model with harmonic confinement. It is found that the envelope of the Friedel oscillations at zero temperature decays with the critical exponent ν = (K + 1)/2 away from the classical boundaries. This value differs from that known for open boundary conditions or strong pinning impurities. The soft boundary in the present case thus modifies the decay of Friedel oscillations. The case of two components is also discussed.
Introduction
Friedel oscillations are a principal feature of a degenerate Fermi gas when translational invariance is broken. Usually, impurities [1] are the cause. However, boundaries can also be responsible for Friedel oscillations. The spatial period of Friedel oscillations is λ F = π/k F , where k F is the Fermi wave number. This effect is particularly pronounced in one spatial dimension because then the susceptibility becomes logarithmically singular at 2k F due to perfect nesting.
It is known from the theory of bounded Luttinger liquids (BLL) that interactions modify the decay of Friedel oscillation away from the boundary [2] [3] [4] .
Recent experimental successes in obtaining degeneracy in three-dimensional ultracold Fermi vapors [5] [6] [7] [8] [9] [10] [11] , possibly in combination with microtrap technology [12] [13] [14] [15] [16] [17] , make it conceivable to realize the quasi one-dimensional neutral Fermi gas confined in a trapping potential without the complications due to contacts and impurities.
We investigate the Friedel oscillations at zero temperature using a recent model of N ≫ 1 interacting fermionic atoms in one spatial dimension confined in a harmonic trap [18] . The model which can be termed "Tomonaga-Luttinger model with harmonic confinement" is analytically solvable in a similar way as the Luttinger model (cf. e.g. [19] [20] [21] [22] ) using bosonization. The present model is simpler than the Luttinger model in that it has only one (non-chiral) branch in contrast to the two chiral branches of the latter which result from an artificial split of an otherwise continuous band.
It is found that near the classical boundaries, Friedel oscillations decay in a way which differs from the known result for both BLL [2] [3] [4] and strong pinning impurities [23] . We attribute this to the softness of the present boundaries.
The calculations become possible because the fermion density in the harmonic trap can be decomposed asymptotically (i.e., for N ≫ 1) into a slowly varying part and a part describing the Friedel oscillations. Both parts involve a specific phase operator for which a free field theory is available.
Tomonaga-Luttinger model with harmonic confinement
The one-component version (for spin-polarized fermions) of the model is described by the bosonic Hamiltoniañ
In the spirit of the Luttinger model, the linear dispersion of free oscillator states and the addition of the anomalous vacuum have been utilized to bosonize the original fermionic Hamiltonian. The operatorsd andd † are canonically conjugate Bose operators.
The interaction terms in (1) follow uniquely by retaining those parts in the fermionic pair interaction operator
which are expressible in terms of density fluctuation operatorsρ(m) = pĉ + p+mĉ p (in the basis of harmonic oscillator states ψ n (z)), i.e.,
In [24] , it is shown that the retained matrix elements are dominant in the limit of large N. This is related to approximate momentum conservation during collisions in the trap.
The interaction matrix elements V a (m), V b (m), and V c (m) correspond to the Luttinger model coupling functions g 4 (p), g 2 (p), and g 1 (p), respectively. V a and V b describe forward scattering and V c describes 2k F (backward) scattering. The existence of only one branch results in restrictions on the values of the interaction coefficients V a and V b in the one-component case: Their contribution is small in comparison to V c [24] . This can be demonstrated analytically by using WKB wave functions (cf. equation (14) below) in the calculation of V (m, p; q, n): Starting from an effective "p-wave" potential in one dimension
one obtains for (m, n, p,
Thus, each individual backscattering term in (3) belongs to the dominating s = 0 contribution while only some terms of V a,b -type do this. Thus backscattering dominates.
Feshbach resonances can make V c relevant even in the one-component system [25] . The third contribution on the r.h.s. of equation (1) represents a one-particle operator V 1 . This operator is neglected in the BLL as pointed out in [26] . It does not alter the critical behavior, but has quantitative effects on other properties.V 1 is exactly taken into account in the present model. For more details, we refer to [18] . However, it is presently not clear to what extend the drastic reduction of interaction matrix elements necessary to obtain equation (1) from the full Hamiltonian for a given one-dimensional (effective) pair interaction between fermions spoils physical details. This restriction does not impair our result for the critical exponent of Friedel oscillations at zero temperature.
The central dimensionless coupling constants and the renormalized level spacings for the model, equation (1), are given by [18] 
respectively.
Assuming an exponential decay of interaction matrix elements as in the Luttinger model
the one-particle operator can be expressed aŝ
and causes a c-number shift (suppressing the dependence of K and ǫ on m)
in the odd phase operatorφ odd (u) defined on the unit circle. The form ofφ odd (u) will become evident in the expansion of the density operator given below.
Decomposition of the density operator for the harmonic trap
The density operatorρ(z) in Fock space for fermions in the harmonic trap iŝ
Bosonizingρ(z) using the auxiliary field method in [27] (cf. also [18] ) implies a projection onto the subspace of N fermions:ρ(z) →ρ N (z).
We will extract fromρ N (z) a slowly varying part and a part associated with the Friedel oscillations.
After bosonization,ρ N (z) is given bŷ
Here, η is a positive infinitesimal. Using the form factor Z(z)
√ 2N − 1 is the semi-classical extension of the Fermi sea, the harmonic oscillator wave functions ψ m can be approximated for N ≫ 1 by their WKB form (α = 1/ℓ, ℓ: oscillator length) according to
Because of the rapidly oscillating phase factor exp(−i(N − 1)(u − v)), an expansion around the Fermi edge with
≡ k Fz (z) +m arcsin z L F is reasonable because it will compensate that factor. Explicitly,z(z) is given by
We consider the sum over m in equation (13) . Extending them-summation to −∞ and setting m = N in phase insensitive terms, leads to the asymptotic expansion
It is noted that the core states are not properly represented in the expansion (18) . As a consequence, one does not obtain correct information about the operator for the average density. Thus we will retain only the fluctuating partρ N → δρ which is of main interest here.
Applying this expansion to equation (13), we find to lowest order in ∂ u /N
In terms of the bosonization field [27] ,
the odd phase fieldφ odd (u) is found to bê
This phase operatorφ odd plays a central role in the present investigation. The density operator (19) consists of two parts involving the phase operatorφ odd , a gradient term for slow spatial density variations and a rapidly oscillating term δρ F describing the Friedel oscillations. This structure is well known from the theory of the Luttinger model. In the latter case, the argument of the phase operator is the spatial coordinate. In the present case, however, a non-linear relation between the spatial coordinate z and the variable u 0 (z) in the phase operator according to
appears which reflects the harmonic trap topology. Furthermore, it is a priori not clear what the right structure of the phase operator in the confined case is. Our calculation gives the answer in form of equation (21).
Calculation of Friedel oscillations and critical exponent
In order to calculate the Friedel oscillations δρ F (z) 0 in the interacting ground state, it must be remembered that the phase fieldφ odd contains a c-number shift from backscattering. We therefore introduce a new phase field
which is homogeneous in the operatorsf andf +
In terms of the latter, the Hamiltonian becomes diagonal:Ĥ = m mǫ mf + mf m + zero mode contributions. The zero mode plays no role in the present context. One can then apply the Wick theorem in the well known form
Thus
Stability requires the coupling constants K m to approach unity for large m [20] . A slightly different approach in comparison to [18] is used to assure the decay of interaction coefficients: Using the same decay constant r as in equation (9), we write approximately
An estimate for r is R/L F ≪ 1 where R is the spatial range of the interaction. The mean square average with respect to the ground state becomes
which leads to
Here, the abbreviation
is introduced. Finally, one obtains
Considering r ≪ 1, η → 0+, and
leads to the result for the Friedel oscillations in the limit L F − |z| ≫ rL F /8
It is seen that attractive interactions, K > 1, decrease the Friedel oscillations, while repulsive interactions, K < 1, increase them.
The backscattering phase shift in equation (33) is mostly a small correction as is seen by comparing equations (11) and (17), except when the coupling is exceedingly strong.
It is noted that the coupling constant K goes to unity and b(u 0 (z)) to zero for vanishing interactions. This answers a question put forward in [28] : The divergence of the envelope near the boundaries has the conjectured critical exponent K 0 = 1. For |z| ≪ L F , i.e., well inside the trap, one obtains the free Friedel oscillations
in accordance with a corresponding result in [28] , which was obtained using a completely different approach.
Returning to the interacting case and specializing to the region near the classical boundaries, where
the critical exponent for the decay of Friedel oscillations away from these classical turning points is
In contrast, the corresponding result for BLL in the case of one component is ν BLL = K [2] [3] [4] . The latter value is also obtained for a strong pinning impurity which acts as a hard wall [23] . The present soft boundary thus causes a slower decay for repulsive interactions in comparison to the BLL while the situation is reversed for attractive interactions. In the Appendix, we present the case of two components.
Summary
We succeeded in calculating the Friedel oscillations for the Tomonaga-Luttinger model of interacting one-dimensional fermionic atoms trapped in a harmonic potential using bosonization techniques and an asymptotic representation of the density operator in terms of a particular phase field. The result shows that the critical exponent for the decay of Friedel oscillations away from the classical boundaries differs from the result for bounded Luttinger liquids where the fermions are confined between hard walls.
cos 2k Fz (z) + 2φ +,odd (u 0 (z)) + cos 2k Fz (z) + 2φ −,odd (u 0 (z)) .
Defining the basic phase fieldŝ
with ν = 1 for mass and ν = −1 for composition fluctuations, brings equation (A.5) into the form
The analogue of equation (11) is
The quantity b −1 vanishes identically. Coupling constants and renormalized level spacings are given by
respectively. The subscript refers to interactions between fermions of the same component while ⊥ stands for different components [18] .
Similarly, the composition operator reads
The important relation equation (24) generalizes tô
K nν n e −nη/2 sin nu (f nν +f + nν ).
In order to be able to evaluate the phase fluctuations in the way given above, i.e., for free phase fields, the interaction coefficient V c⊥ for backward scattering between the two components must be zero. This is usually not the case. Relying on insight from the Luttinger model [21] , one can expect that for V c ≥ |V c⊥ | the coupling V c⊥ scales to zero at low energies and that for V c = V c⊥ > 0 backscattering becomes irrelevant. In that case, K * −1 = 1 holds. This corresponds to spin isotropy in the Luttinger model. However, the present one-branch model hardly allows such a case in reality due to suppression of s-wave scattering in the parallel channel. With this provision, we give the results for two components based on the assumption that the fieldΦ −1 (u) is a (renormalized) free field: δρ F (z) 0 = − 2(−1) N πηL F Z(z) e − Φ2 −1 (u 0 (z)) 0 cos 2k Fz (z) − √ 2b 1 (u 0 (z)) e − Φ2 1 (u 0 (z)) 0 . (A.13)
Note that no Friedel oscillations exist in the composition part because δσ(z) ≡ 0.
With the renormalized value of the coupling constant K −1 → K * −1 , the Friedel oscillations are δρ F (z) 0 = − (−1) N πL F cos 2k Fz (z) − √ 2b 1 (u 0 (z)) r 2 
